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a b s t r a c t
The most elementary ansatz of the double-Exp-function method for finding exact double-
wave solutions can be produced by an extension of a two-soliton ansatz in a fractional
form. The generalized Burgers equation is used as an example, and closed form analytic
multi-soliton solutions are obtained for the first time.
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1. Introduction
There has been an active and exciting search for explicit solutions of nonlinear evolution equations (NLEEs) ever since
the discovery of the soliton in 1834. Many methods have appeared recently for solving nonlinear equations [1–9], among
which are included some asymptotic methods originally proposed by He [10,11], the Exp-function method [12–19] and
the double-Exp-function method [20,21]. The multiple-Exp-function method [11] is suitable for finding exact multi-wave
solutions or double-wave solutions of NLPDEs.
In this work, we show that the most elementary ansatz of the double-Exp-function method can be produced by an
extension of the two-soliton ansatz in a fractional form. The generalized Burgers equations, B(n, 1) and B(−n, 1) [1,22],
will be used as examples.
2. An ansatz of the double-Exp-function method
Consider a nonlinear evolution equation forw(x, t) in the general form
P(w,wt , wx, wtt , wxt , wxx, . . .) = 0, (2.1)
where P is a polynomial in its arguments. We assume that the two-wave solution of Eq. (2.1) can be expressed in the
following fractional form:
w = f (x, t)
g(x, t)
(2.2)
where f (x, t) and g(x, t) are ansätze of the two-soliton forms
f (x, t) = 1+ eξ + eη + D1eξ+η
g(x, t) = 1+ eξ + eη + D2eξ+η. (2.3)
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Notice that (2.3) can be rewritten as
f (x, t) = e(ξ+η)/2[e−(ξ+η)/2 + e(ξ−η)/2 + e(η−ξ)/2 + D1e(ξ+η)/2]
g(x, t) = e(ξ+η)/2[e−(ξ+η)/2 + e(ξ−η)/2 + e(η−ξ)/2 + D2e(ξ+η)/2]. (2.4)
As a result, (2.2) can be written as
w = f (x, t)
g(x, t)
= e
−(ξ+η)/2 + e(ξ−η)/2 + e(η−ξ)/2 + D1e(ξ+η)/2
e−(ξ+η)/2 + e(ξ−η)/2 + e(η−ξ)/2 + D2e(ξ+η)/2 (2.5)
which is a special case of the general ansatz of the Exp-functionmethod with N wave velocities and N frequencies proposed
by He in [11]. In particular, a two-soliton ansatz of the Exp-function method can be expressed in the form
w = f (x, t)
g(x, t)
= a−2e
−η + a−1e−ξ + a0 + a1eξ + a2eη
b−2e−η + b−1e−ξ + b0 + b1eξ + b2eη (2.6)
where ξ = k1x+ c1t, η = k2x+ c2t and ai, bj,−2 ≤ i, j ≤ 2, are constants to be determined.
3. Application to the generalized Burgers equations
In this section the generalized Burgers equations B(n, 1) and B(−n, 1) will be investigated by using the double-Exp-
function method.
3.1. The B(n, 1) Burgers equation
We first consider the generalized Burgers equation B(n, 1):
ut + a(un)x + buxx = 0. (3.1)
We apply the transformation
u = v 1n−1 . (3.2)
Eq. (3.1) becomes
vvt + anv2vx + b

1
n− 1 − 1

v2x + vvxx

= 0. (3.3)
Applying the double-Exp-function method, we assume that
v = a1e
ξ + a2e−ξ + a5 + a3eη + a4e−η
k1eξ + k2e−ξ + k5 + k3eη + k4e−η (3.4)
where ξ = c1x+ c2t, η = c3x+ c4t .
Substituting (3.4) into (3.3), we have
1
A
[B1e3ξ + B2e3η + · · · + B19 + · · · + B36e−3ξ + B37e−3η] = 0 (3.5)
where
A = (k1eξ + k2e−ξ + k5 + k3eη + k4e−η)4
B1 = ba21c21 k1k5 + an2a31c1k5 − bna21c21 k1k5 − an2a5a21c1k1 − na5a1c2k21 − ba5a1c21 k21
+ nk5a21c2k1 − k5a21c2k1 + bna5c21a1k21 − ank5a31c1 + a5k21a1c2 + ana5k1a21c1
B2 = an2a33c3k5 − an2a5a23c3k3 + ba23c23k3k5 − bna23c23k3k5 + ana5k3a23c3 − na5a3c4k23
+ a5k23a3c4 − ba5a3c23k23 + nk5a23c4k3 − k5a23c4k3 + bna5c23a3k23 − ank5a33c3
. . . .
(3.6)
Equating all coefficients of e(iξ+jη) to zero, we have a set of algebraic equations:B1 = 0, B2 = 0, B3 = 0
· · ·
B35 = 0, B36 = 0, B37 = 0.
(3.7)
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Solving the system Eq. (3.7) with the aid of somemathematical software, we get abundant new solutions. Here we just give
the one-soliton and two-soliton solutions for three different cases.
Case 1:
a2 = 0, a3 = 0, a5 = 0, k2 = 0, k5 = 0, c1 = −c3, c2 = − aa4c
2
3
n− 1 ,
c4 = − aa4c
2
3
n− 1 , k1 = −
aa1(n− 1)
bc3
, k4 = −aa4(n− 1)bc3 .
(3.8)
This case results in the following one-soliton solution:
u =
 −2bc3(a1 + a4)
a(n− 1)(a1 + a4)− 2bc3k3ec3

x+ 2bc3n−1 t

 1n−1 (3.9)
where a1, a4, c3 and k3 are some free parameters.
Case 2:
a1 = 0, a2 = 0, a3 = 0, k1 = 0, k2 = 0, c4 = bc
2
3
n− 1 ,
k3 = −a5(aa5(n− 1)+ bc3k5)a4bc3 , k4 = −
aa4(n− 1)
bc3
.
(3.10)
This case leads to the following one-soliton solution:
u(x, t) =
 −ba4c3

a5 + a4e−c3

x+ 2bc3n−1 t

−a5(naa5 + bc3k5 − aa5)ec3

x+ 2bc3n−1 t

+ aa24(n− 1)e−c3

x+ 2bc3n−1 t

− k5a4bc3

1
n−1
where a5, a4,c3 and k5 are some free parameters.
Case 3:
a1 = bk1(c1 + c3)a(n− 1) , a2 = 0, a3 =
bk1k2(c1 + c3)
k4a(n− 1) , a4 = 0, a5 = 0, k5 = 0,
c2 = −b(c1 + c3)
2
n− 1 − c4, k3 =
k1k2
k4
.
(3.11)
This case produces a two-soliton solution, which reads
u =

bk1(c1 + c3)(k4ec1x−(c4+b(c1+c3)2)t + k2ec3x+c4t)
a(n− 1)(k1k4ec1x−(c4+b(c1+c3)2)t + k2k4e−(c1x−(c4+b(c1+c3)2)t) + k1k2ec3x+c4t + k24e−c3x−c4t)
 1
n−1
where c1, c3, k1, k2, c4 and k4 are some free parameters.
3.2. The B(−n, 1) Burgers equation
Now we consider the generalized Burgers equation B(−n, 1):
ut + a(u−n)x + buxx = 0. (3.12)
Similarly, we apply the transformation
u(x, t) = v(x, t)− 1n+1 . (3.13)
Eq. (3.12) becomes
vvt + anv2vx − b

1
n+ 1 + 1

v2x − vvxx

= 0. (3.14)
Applying the double-Exp-function method to Eq. (3.14), and proceeding in the same way as for the B(n, 1) equation, we
have the following cases.
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Case 1:
a2 = 0, a3 = 0, a5 = 0, k2 = 0, k5 = 0, c1 = −c3, c2 = aa4c
2
3
n+ 1 ,
c4 = aa4c
2
3
n+ 1 , k1 =
aa1(n+ 1)
bc3
, k4 = aa4(n+ 1)bc3 .
(3.15)
This case gives the following one-soliton solution:
u(x, t) =
 −2bc3(a1 + a4)
−a(n+ 1)(a1 + a4)− 2bc3k3ec3

x− 2bc3n+1 t

− 1n+1 (3.16)
where a1, a4,c3 and k3 are some free parameters.
Case 2:
a1 = 0, a2 = 0, a3 = 0, k1 = 0, k2 = 0, c4 = − bc
2
3
n+ 1 ,
k3 = −a5(aa5(−n− 1)+ bc3k5)a4bc3 , k4 =
aa4(n+ 1)
bc3
.
(3.17)
This case also turns out to give a one-soliton solution, which is
u(x, t) =
 −ba4c3

a5 + a4e−c3

x+ 2bc3n−1 t

−a5(−naa5 + bc3k5 − aa5)ec3

x− 2bc3n+1 t

− aa24(n+ 1)e−c3

x− 2bc3n+1 t

− k5a4bc3

− 1n+1
where a5, a4,c3 and k5 are some free parameters.
Case 3:
a1 = −bk1(c1 + c3)a(n+ 1) , a2 = 0, a3 = −
bk1k2(c1 + c3)
k4a(n+ 1) , a4 = 0, a5 = 0,
k5 = 0, c2 = b(c1 + c3)
2
n+ 1 − c4, k3 =
k1k2
k4
.
(3.18)
This case yields a two-soliton solution:
u =

bk1(c1 + c3)(k4ec1x−(c4+b(c1+c3)2)t + k2ec3x+c4t)
a(−n− 1)(k1k4ec1x−(c4+b(c1+c3)2)t + k2k4e−(c1x−(c4+b(c1+c3)2)t) + k1k2ec3x+c4t + k24e−c3x−c4t)
− 1n+1
. (3.19)
The two-solition solutions are first appeared in literature.
4. Conclusions
Using the double-Exp-function method, new two-soliton solutions are obtained for B(n, 1) and B(−n, 1) equations. This
method can also be applied to solve other kinds of nonlinear evolution equations including higher dimensional ones, and a
triple-Exp-function method or multiple-Exp-function method could be designed for use in the present study and treating
other nonlinear problems.
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